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X = [x, x] = {x ∈ R | x ≤ x ≤ x, x, x ∈ R} (2.1)
X IR
X ∈ IR (2.1) x x
X = [x, x], Y = [y, y]
X + Y = [x+ y, x+ y],
X − Y = [x− y, x− y],
X · Y = [min{xy, xy, xy, xy},max{xy, xy, xy, xy}],
X/Y = [x, x] · [1/y, 1/y]. (0 /∈ Y )
3 A,B,C
5
A · (B + C) ⊂ A ·B +A · C
X −X 6= [0, 0],
X/X 6= [1, 1]







[x] f f([x]) = {f(x) ∈ R |
x ∈ [x]} [f([x])] [x] xˆ xˆ
[x] f(x)
∀x ∈ [x], f(x) = f(xˆ+ (x− xˆ))
= f(xˆ) + (x− xˆ)f ′(xˆ+ θ(x− xˆ)) (0 < θ < 1)
xˆ+ θ(x− xˆ) ∈ [x] = [x, x],
x− xˆ ∈ [x]− xˆ = [x− xˆ, x− xˆ]
6
f([x]) ⊂ f(xˆ) + f ′([x])([x]− xˆ), xˆ ∈ [x]
[f([x])]
[f([x])] = f(xˆ) + [f ′([x])]([x]− xˆ), xˆ ∈ [x] (2.2)
f([x]) xˆ
[x] ⊂ Rn f ∈ Rn
2.3





u(t) = f(t,u) (0 < t < T )
u(0) = u0 ,u0 ∈ [u0]
u,u0, f ∈ Rn f [0, T ]×D,D ⊂ Rn t,u p




Ω n Rn f f : Ω → Ω
f f(x) = x x ∈ Ω
✒ ✑
Schauder✓ ✏













0 = t0 < t1 < · · · < tN−1 < tN = T
h = tj+1 − tj
[tj, tj+1] [u] ODE tj t
u
u(t) = uj +
∫ t
tj
f(τ,u(τ))dτ, tj < t < tj+1.
u F (u)




n f ∈ (C[tj , tj+1])n ||f ||







f ∈ (C[tj , tj+1])n Banach
[u] ⊂ (C[tj , tj+1])n
F ([u]) ⊂ [u]
Schauder [u] u = F (u)
[u] n α,β
[u] = {u ∈ (C[tj , tj+1])n|α ≤ u(t) ≤ β, ∀t ∈ [tj, tj+1]}
u(τ) ∈ [u] ∫ t
tj













= (t− tj)f([tj, tj+1], [α,β])
⊂ [0, h]f([tj, tj+1], [α,β])
8
Schauder
[uj] + [0, h]f([tj, tj+1], [α,β]) ⊂ [α,β] (2.3)
[u] = [α,β]
[u] tj uj (2.3)
[u]
1. (2.3) [v]
2. [v] ⊂ [u] [u] := [v]




t = tj uj [uj] [tj, tj+1]
[u] Taylor t = tj+1 [uj+1]
uj+1 = u(tj + h) t = tj Taylor

























n (tj + θnh)





































uj+1 = uj +
p−1∑
k=1
hkf (k)(tj ,uj) + h
pf (p)(tj + θh,u(tj + θh))
f (p)(tj + θh,u(tj + θh)) ∈ f (p)([tj, tj+1], [u]) [u]
[uj+1] = [uj ] +
p−1∑
k=1
hkf (k)(tj , [uj]) + h
pf (p)([tj, tj+1], [u]) (2.5)











= f(u), 0<t<∞, (3.1)
u ∈ Rn, f : Rn → Rn.








u∗ DL ⊂ Rn Lyapunov C1
L : DL → R
1. ∀u ∈ DL\{u∗}, ddtL(u) ≤ 0




3. ∀u ∈ DL\{u∗}, L(u) ≥ 0
Lyapunov L u∗ DL
( )Lyapunov






u∗ DL ⊂ Rn Lyapunov C1
L : DL → R
1. ∀u ∈ DL\{u∗}, ddtL(u) < 0












1. u = u∗ f(u) Df∗
Λ λ1, · · · , λn X
Λ = X−1Df∗X
([15])
2. I∗ i1, i2, · · · , in ik(1 ≤ k ≤ n)
ik =
{
1, if Re(λk) < 0,
−1, if Re(λk) ≥ 0
Re(λk) = 0 3.4




Y = Re(Yˆ )














L(u) = f(u)TY (u− u∗) + (u− u∗)TY f(u) (3.3)
g(s) = f(u∗ + s(u− u∗)), s ∈ [0, 1]
d
ds





Df(u∗ + s(u− u∗))ds(u− u∗)




L(u) = (u− u∗)T
∫ 1
0
(Df(u∗ + s(u− u∗))TY + Y Df(u∗ + s(u− u∗))ds(u− u∗)
z = u∗ + s(u− u∗) A(z)
A(z) := Df(z)TY + Y Df(z)





• u∗ ∈ DL
• u ∈ DL 0 ≤ s ≤ 1 u∗ + s(u− u∗) ∈ DL
z ∈ DL A(z) L(u) DL
Lyapunov
z u∗ A(z) 2
y = uTA(z)u u z y = uTA(u∗)u
u A(u∗)
H z 2 zTHz
zTHz = zTRe(H)z
(u− u∗)T ((Df∗)TY + Y Df∗)(u− u∗) = (u− u∗)T ((Df∗)T Yˆ + Yˆ Df∗)(u− u∗)
(3.4)
A(u∗) (Df∗)T Yˆ + Yˆ Df∗ Yˆ
Λ
(Df∗)T Yˆ + Yˆ Df∗ = (Df∗)HX−HI∗X−1 +X−HI∗X−1Df∗
= X−HΛHI∗X−1 +X−HI∗ΛX−1
= X−H(ΛHI∗ + I∗Λ)X−1
= X−H(2Re(Λ)I∗)X−1
= −2X−H |Re(Λ)|X−1 (3.5)
|Re(Λ)| Re(Λ)
(Df∗)T Yˆ + Yˆ Df∗ u∗
d
dt


























L(u) = f(u)TY (u− u∗) + (u− u∗)TY f(u)

































H∗(fi)(1 ≤ i ≤ n) u∗ fi u =

















3.2.1 Lyapunov L :

























L(u∗) = 0 L u∗ Lyapunov
u∗ U∗ε (u
∗) = {u | 0 < ||u − u∗|| ≤ ε} dL/dt < 0
u∗
(3.7) 2
DL2(u) := 2(u− u∗)TY Df∗(u− u∗)
(3.4),(3.5)
DL2(u) = 2(u− u∗)TY Df∗(u− u∗)
= (u− u∗)T ((Df∗)TY + Y Df∗)(u− u∗)
= −2X−H |Re(Λ)|X−1 (3.8)
Λ 0 (3.8)
u∗ Uδ(u
∗) = {u | ||u− u∗|| ≤ δ ≤ ε}













V − = {u | DL3(u) < 0 ∧ u ∈ Uδ(u∗)\{u∗}} v−
v+ := 2u∗ − v−
DL3(v
+) = (−v− + u∗)TY


(−v− + u∗)TH∗(f1)(−v− + u∗)
(−v− + u∗)TH∗(f2)(−v− + u∗)
...
(−v− + u∗)TH∗(fn)(−v− + u∗)

 = −DL3(v−) > 0
17
v+ ∈ Uδ(u∗)\{u∗} V + = {u | DL3(u) > 0 ∧ u ∈
Uδ(u
∗)\{u∗}} (3.9) Uδ(u∗) V +












= f(u), 0<t<∞, (4.1)
u ∈ R2, f : R2 → R2.












x˙ = Jx+ F2(x) + F3(x) + · · ·+ Fr−1(x) +O(||x||r) (4.3)
Fi(x)(2 ≤ i ≤ r − 1) F (x) Taylor i
x = y + h2(y) (4.4)
19
([17, 18])
h2(y) y 2 (4.4) (4.3)
x˙ = (I +Dh2(y))y˙
= Jy + Jh2(y) + F2(y + h2(y)) + F3(y + h2(y)) + · · ·+ Fr−1(y + h2(y)) +O(||y||r)
In 2× 2 Dh2(y) h2(y)
Fj(y + h2(y)) = Fj(y) + Fˆj+1(y) + · · ·+ Fˆ2j(y), 2 ≤ j ≤ r − 1
Fˆi(y) (j + 1 ≤ i ≤ 2j) i
(I +Dh2(y))y˙ = Jy + Jh2(y) + F2(y) + Fˆ3(y) + F3(y)




−1 = I −Dh2(y) +O(||y||2). (4.6)
(4.6) (4.5)
y˙ = Jy + Jh2(y)−Dh2(y)Jy + F2(y) +O(||y||3) (4.7)
h2(y) y 2 (4.7) 2




x = y +
j∑
m=2
hm(y), 2 ≤ j ≤ r − 1 (4.9)
hi(y)(2 ≤ i ≤ j) y i (4.4)
y˙ = Jy + F˜ r2 (y) + · · ·+ F˜ rj (y) +O(||y||j+1) (4.10)



















hm(x), 2 ≤ j ≤ r − 1, (4.11)
hi(x) (2 ≤ i ≤ j) : x i
[17] (4.11)
.✓ ✏
x˙ = Jx+ F2(x) + F3(x) + · · ·+ Fr−1(x) +O(||x||r),




hm(x), 2 ≤ j ≤ r − 1,
hi(x) (2 ≤ i ≤ j) : x i
y˙ = Jy + F˜ r2 (y) + · · ·+ F˜ rj (y) +O(||y||j+1),




y˙ = x˙+Dh2(x) · x˙+ · · ·+Dhj(x) · x˙










+O(||x||j+1), k, l ≥ 2
Dhi(x)(2 ≤ i ≤ j) hi(x) Jy











y˙ = Jy + F˜2(x) + · · ·+ F˜j(x) +O(||x||j+1), (4.12)
F˜2(x) = F2(x) +Dh2(x)Jx− Jh2(x),




(3 ≤ m ≤ j, k, l ≥ 2)




Gi(y)(1 ≤ i ≤ j − 1) y i (4.13) (4.11)











F˜ im(y) +O(||y||j+1) (2 ≤ i ≤ j)
F˜ im(y) y m F˜i(x) (4.13)
i
*3 (4.11) dy/dx = I
22
y˙ = Jy + F˜ r2 (y) + · · ·+ F˜ rj (y) +O(||y||j+1), (4.14)
F˜ r2 (y) = F˜2(y), F˜
r
k (y) = F˜k(y) +
k−1∑
m=2
F˜mk (y) (3 ≤ k ≤ j)
(4.14) (4.10) (4.11)
∑j































0 J3 0 J4
0
J1, J2, J3 Lyapunov
J4
4.3.1 J1
(4.2) J1 x = (x1, x2)
T 2{
x˙1 = −ρx2 + f1(x1, x2),
x˙2 = ρx1 + f2(x1, x2)
(4.16)
ρ ∈ R\{0} f1, f2 Taylor 2
f1, f2 (4.1) f
z ∈ C z = x1+ ix2
(4.16)
z˙ = iρz + g(z, z)







kzl +O(|z|4) (gkl ∈ C)
23
(4.16)







1-1([16, 17, 19]).✓ ✏







w = z +
h20
2













h20, h11, h02, h30, h12, h03 ∈ C
w˙ = iρw + c1w
2w +O(|w|4) (c1 ∈ C)





w = z +
h20
2














w˙ = λz +
g20
2










































































λw = λz +
h20
2














w˙ − λw =g20 + λh20
2



























g30 + 3g20h20 + 3g02h11
−2λ , h12 =




g03 + 3g02h11 + 3g20h02
λ− 3λ

















z = w − h20
2
w2 − h11ww − h02
2
w2 +O(|w|3)
w˙ = λw + c1z
2z +O(|z|4)
= λw + c1w
2w +O(|w|4)
= iρw + c1w
2w +O(|w|4) (4.21)
( )
(4.21) w = u+ iv, c1 = a+ ib (4.21){
u˙ = −v + (au− bv)(u2 + v2) +O(|w|4),
v˙ = u+ (bu+ av)(u2 + v2) +O(|w|4) (4.22)
{
u˙ = −v + (au− bv)(u2 + v2),




L(u, v) = sgn(−a) · 1
2
(u2 + v2) (4.24)
d
dt
L(u, v) = sgn(−a) · a(u2 + v2)2
Re(c1) = a 6= 0 L (4.23) Lyapunov
(4.22) Lyapunov
Lyapunov a a Lyapunov
([19]) a = 0
Lyapunov
4.3.2 J2
(4.2) J2 x = (x1, x2)
T 2{
x˙1 = f1(x1, x2),
x˙2 = ρx2 + f2(x1, x2)
(4.25)
























































































































h2, h3, h4, h6 ∈ R
















































































































































































































































y˙2 = ρy2 + a5y1y2
(4.30)
L :
L(y1, y2) = sgn(−a1) · y1 + sgn(−ρ) · y22 (4.31)
d
dt
L(y1, y2) = sgn(−a1) · a1
2
y21 + sgn(−ρ) · (2ρy22 + 2a5y1y22)
a1 6= 0 L (4.30) Lyapunov
(4.29) Lyapunov
dL/dt 0 L
4.4 a1 = 0
Lyapunov
a1 4.3.3 Lyapunov a
a1 Lyapunov
4.3.3 J3
(4.2) J3 x = (x1, x2)
T 2{
x˙1 = ρx2 + f1(x1, x2),
x˙2 = f2(x1, x2)
(4.32)






















































































































h1, h2, h4, h5 ∈ R














+O(||y||3), d1, d4,∈ R


















































































































































h1 = −2a2 + a6
2ρ
, h2 = −a3
2ρ
, h4 = −a5
ρ
, h5 = −a6
2ρ
(4.35)


















































































L(y1, y2) = sgn(−ρ) · y1y2 + sgn(−a4) · y2 (4.38)
d
dt










+ sgn(−a4) · a4
2
y21
a4 6= 0 L (4.37) Lyapunov
(4.36) Lyapunov
dL/dt 0 L 4.4
a4 = 0
Lyapunov




(4.2) J4 x = (x1, x2)
T 2{
x˙1 = f1(x1, x2),
x˙2 = f2(x1, x2)
f1, f2 Taylor 2
Lyapunov
(4.14) 2 F˜ r2









1 + a5x1x2 + a6x
2
2 +O(||x||3)

















x˙1 = −x2 − x1(x21 + x22) + x41,
x˙2 = x1 − x2(x21 + x22) + x42.
*4 Lyapunov ( B.3
)
31











)( x31 − x21 −x1x2











)( x1 − 1 −1















α ∈ R, x ∈ Rn
α
∀y ∈ {x | ||x|| = 1}, f(y) < 0 ⇒ ∀x ∈ Rn\0, f(x) < 0
✒ ✑
.
n x x y x = ||x||y, ||y|| =
1
f(x) = f(||x||y) = ||x||2mf(y)














∀y ∈ {x | ||x|| = 1}, supfI(y) < 0 ⇔ ∀y ∈ {x | ||x|| = 1}, ∀cα ∈ [cα], f(y) < 0
2
∀y ∈ {x | ||x|| = 1}, ∀cα ∈ [cα], f(y) < 0 ⇒ ∀x ∈ Rn\0, ∀cα ∈ [cα], f(x) < 0


















k, l ∈ N, M = max{deg(f1), deg(f2)}+ 5, ckl ∈ R
Dhj(x1, x2) (4.42) 5
DL := {x | x1 ≤ x1 ≤ x1, x2 ≤ x2 ≤ x2} (x1 < 0 < x1, x2 < 0 < x2
)
DL = ([Dx1], [Dx2]), [Dx1] = [x1, x1], [Dx2] = [x2, x2] (4.43)
*5 f1, f2 Taylor
33
1: DL
L˙(0, 0) = 0 DL Lyapunov DL\(0, 0)
dL/dt
4



















2 = DLh(x1, x2) (4.44)
∀(x1, x2) ∈ DL, d
dt
L(x1, x2) ∈ DLI(x1, x2) (4.45)
DLI
DL ∂D :
∂D = DL1 ∪DL2 ∪DL3 ∪DL4,
DL1 = (x1, [Dx2]),
DL2 = ([Dx1], x2),
DL3 = ([Dx1], x2),
DL4 = (x1, [Dx2])
34
2: DL ∂D DL1, DL2, DL3, DL4
|| · ||














∀(x1, x2) ∈ ∂D, ||(x1, x2)|| = 1 (4.46)
2 (4.45) (4.46)
∀y ∈ {x |x ∈ ∂D}, supDLI(y) < 0⇔ ∀y ∈ {x | ||x|| = 1 ∧ x ∈ DL}, supLI(y) < 0
⇒ ∀x ∈ DL\0, DLI(x) < 0




∀(x1, x2) ∈ ∂D, supDLI(x1, x2) < 0 (4.47)
DLI x 5




L(x1, x2) = −(x21 + x22)2 + x51 + x41x2 (4.48)




















DLI(x1, x2) = −(x21 + x22)2 + [Dx1]x41 + [Dx1]x31x2






















x = (x1, x2)
T 2{
x˙1 = x2 + (3x1 + x2)
2,
x˙2 = −x1. (5.1)
±i
Lyapunov
z = x1 + ix2














(4.20) Lyapunov -15/2 4.3.1
Lyapunov (4.18)
(4.19)












w = z +
h20
2







































































































































































































































































































































DL = {x | − 0.006 ≤ x1 ≤ 0.006,−0.006 ≤ x2 ≤ 0.006} (5.3)
Lyapunov Lyapunov
• Dl = {x ∈ R2 | L(x) ≤ α} (α > 0) Dl ⊂ DL Dl



































3: (5.2) Lyapunov (5.3)
Lyapunov Lyapunov
5.2 J2
x = (x1, x2)
T 2{
x˙1 = −x21 + 2x1x2 − x22 − x31 + x32,
x˙2 = −x2 + x21 + x1x2 − x22 − x31 + x32. (5.4)
0,−1 Lyapunov
Lyapunov −2 4.3.2 Lyapunov
(4.27) (4.28)
h2 = 2, h3 = −1, h4 = −2, h6 = −2
y = x+
(
2x1x2 − 12x22−x21 − x22
)
(4.31) L :











L(x1, x2) = −x21 − 2x22 − 4x61 − 4x51x2 − 2x51 − 4x41x22 + 16x41x2 − 4x41 + 2x31x22





2 − 10x52 + 5x42 + 4x32
(4.45)
DLI(x1, x2) = −x21 − 2x22 − 4([Dx1])4x21 − 4([Dx1])3[Dx2]x21 − 2([Dx1]3)x21
−4([Dx1])4x22 + 16([Dx1])2[Dx2]x21 − 4(Dx1])2x21 + 2[Dx1]([Dx2])2x21
−[Dx1][Dx2]x21 + [Dx1]x21 + 4([Dx2])4x21 + 6([Dx2])3x21




4x22 − 10([Dx2])3x22 + 5([Dx2])2x22 + 4[Dx2]x22
(4.45) DLI
L
DL = {x | − 0.1875 ≤ x1 ≤ 0.1875,−0.1875 ≤ x2 ≤ 0.1875} (5.6)
Lyapunov
(5.4) W c(0) := {x ∈ R2 | x2 = x21 + 2x31 +O(|x1|4)}
( B.2 ) Lyapunov
4, 5









































x = (x1, x2)
T 2{





1 − x22. (5.7)
Lyapunov
















L(x1, x2) = −(x1 + 3
2
x21)(x2 + x1x2)− (x2 + x1x2)
= −(1 + x1 + 3
2

















2 − 5x31x2 − 2x31
+8x21x
2
2 − 2x21x2 − x21 + x1x22 − x22
(4.45)



















3x22 − 5[Dx1][Dx2]x21 + 2[Dx1]x21
+8([Dx1])
2x22 − 2[Dx2]x21 + [Dx1]x22
(4.45) DLI
L


































5.3 x = (x1, x2)
T 2{





1 − x22 (6.1)
Lyapunov L:
L(x1, x2) = −(1 + x1 + 3
2
x21)(x2 + x1x2) (6.2)
DL :
DL = {x | − 0.1875 ≤ x1 ≤ 0.1875,−0.1875 ≤ x2 ≤ 0.1875} (6.3)
x∗ := (1, 1)T
x∗
Lyapunov (6.2)








−1± i x∗ 2
W s(x∗) :




1. x∗ W s(x∗) DA
2. Wu(0) :








3.2 x∗ = (1, 1)T Lyapunov L11 :
L11(x) = (x− x∗)TY (x− x∗), Y ∈ R2×2 (6.4)
DL11 DA := {x ∈ R2 | L11(x) ≤ α} ⊂ DL11









DL = {x | − 0.1875 ≤ x1 ≤ 0.1875,−0.1875 ≤ x2 ≤ 0.1875}
Lyapunov 0 L0 = {x ∈ DL | L(x) = 0}
Lyapunov (6.2)
L0 = {x ∈ DL | x2 = 0}
Lyapunov D+L = {x ∈ DL | L(x) > 0}
Lyapunov D−L = {x ∈ DL | L(x) < 0}
D+L = {x ∈ DL | x2 < 0},
D−L = {x ∈ DL | x2 > 0}









L1 ∪D−L2 ∪D−L3 ∪ L0,
D−L1 = {x ∈ D−L | x1 = −0.1875, 0 < x2 ≤ 0.1875},
D−L2 = {x ∈ D−L | − 0.1875 < x1 < 0.1875, x2 = 0.1875},
D−L3 = {x ∈ D−L | x1 = 0.1875, 0 < x2 ≤ 0.1875}
(6.1) D−L1, D
−
L3 x˙1 > 0 D
−
L2




























L0\{0, (0.1875, 0)T} D−L D−L3
D−L
xu




T , xB = (x
B
1 , 0)
T , xA1 < 0 < x
B
1
xA,xB (6.1) ϕ(t,xA), ϕ(t,xB)
2. ϕ(t,xA), ϕ(t,xB) D
−
L3 ti, Tj > 0 ODE-
IVP ϕ(t,xA), ϕ(t,xB) ti, Tj
[ϕ(ti,xA)], [ϕ(Tj,xB)] :
[ϕ(ti,xA)] := {x ∈ R2 | xi ≤ x1 ≤ xi, yi ≤ x2 ≤ yi},
[ϕ(Tj ,xB)] := {x ∈ R2 | xj ≤ x1 ≤ xj , yj ≤ x2 ≤ yj},
xi, xi, yi, yi, xj , xj , yj , yj ∈ R
xi, xj > 0.1875 (6.5)
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3. ϕ(t,xA), ϕ(t,xB) D
−
L3 ti−1, Tj−1 > 0
ODE-IVP ϕ(t,xA), ϕ(t,xB) ti−1, Tj−1
[ϕ(ti−1,xA)], [ϕ(Tj−1,xB)] :
[ϕ(ti−1,xA)] := {x ∈ R2 | xi−1 ≤ x1 ≤ xi−1, yi−1 ≤ x2 ≤ yi−1},
[ϕ(Tj−1,xB)] := {x ∈ R2 | xj−1 ≤ x1 ≤ xj−1, yj−1 ≤ x2 ≤ yj−1},
xi−1, xi−1, yi−1, yi−1, xj−1, xj−1, yj−1, yj−1 ∈ R











4. ϕ(t,xA) 0 = t0 < t1 < · · · < ti−1 < ti
[0, t1], [t1, t2], · · · , [ti−1, ti]
[ϕ([t0, t1],xA)], [ϕ([t1, t2],xA)], · · · , [ϕ([ti−1, ti],xA)] (6.7)
ϕ(t,xB) 0 = T0 < T1 <
· · · < Tj−1 < Tj [0, T1], [T1, T2], · · · , [Tj−1, Tj]





[ϕ(tk−1,xA)], [ϕ(tk,xA)] ⊂[ϕ([tk−1, tk],xA)],
[ϕ(Tl−1,xB)], [ϕ(Tl,xB)] ⊂ [ϕ([Tl−1, Tl],xB)] , (6.9)
1 ≤ k ≤ i, 0 ≤ l ≤ j
[ϕ([tk−1, tk],xA)] ∩ [ϕ([tk, tk+1],xA)] 6= ∅,
[ϕ([Tl−1, Tl],xB)] ∩ [ϕ([Tl, Tl+1],xB)] 6= ∅, (6.10)
1 ≤ k ≤ i− 1, 0 ≤ l ≤ j − 1
5. (6.7),(6.8) A,B :
A = [ϕ([0, t1],xA)] ∪ [ϕ([t1, t2],xA)] ∪ · · · ∪ [ϕ([ti−1, ti],xA)],
B = [ϕ([0, T1],xB)] ∪ [ϕ([T1, T2],xB)] ∪ · · · ∪ [ϕ([Tj−1, Tj ],xB)]
A ϕ(t,xA) 0 ≤ t ≤ ti B
ϕ(t,xB) 0 ≤ t ≤ Tj (6.10)
A,B 2
A\{[ϕ([ti−1, ti],xA)]}, B\{[ϕ([Ti−1, Ti],xA)]} ⊂ (D−L ∪ L0) (6.11)
A ∪B = ∅ (6.12)












L3, L0 xA,xB A,B
A, B
[ϕ([ti−1, ti],xA)], [ϕ([Tj−1, Tj],xB)]
[ϕ([ti−1, ti],xA)] := {x ∈ R2 | xti ≤ x1 ≤ xti, yti ≤ x2 ≤ yti}
[ϕ([Tj−1, Tj ] ,xB)] := {x ∈ R2 | xTj ≤ x1 ≤ xTj , yTj ≤ x2 ≤ yTj},
xTi, xTi, yTi, yTi, xTj , xTj , yTj , yTj ∈ R




XLA = [ϕ([ti−1, ti],xA)] ∪D−L3
= {x ∈ R2 | x1 = 0.1875, yti ≤ x2 ≤ yti},
XLB = [ϕ([Tj−1, Tj ],xB)] ∪D−L3
= {x ∈ R2 | x1 = 0.1875, yTj ≤ x2 ≤ yTj}
XLA,XLB [Xu] :
[Xu] = {x ∈ R2 | x1 = 0.1875, yTj ≤ x2 ≤ yti}





( B.3 ) ( C.1 )







[ϕ(TUS , [Xu])] ⊂ DA (6.13)
TUS > 0 [ϕ(TUS , [Xu])] ODE-IVP
TUS ϕ(TUS , [Xu]) (6.13)
[ϕ(TUS , [Xu])]
supL11([ϕ(TUS , [Xu])]) ≤ α
supL11([ϕ(TUS , [Xu])]) L11([ϕ(TUS , [Xu])]
[Xu] ⊂W s(x∗)





































= (x1 − 1)2 − (x1 − 1)(x2 − 1) + 1
2
(x2 − 1)2 (6.14)
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L(x) L


















(x2 − x1)2 + 1
2



















































































L0.1 ⊂ D ⊂ DL11






xA = −0.125, xB = 0.0625
ti−1 = 10.25, ti = 10.375,Tj−1 = 5.0625, Tj =
5.15625 (6.5),(6.6) (6.7)
tj − tj−1 = 0.125 (6.8) tj − tj−1 = 0.125
(6.11)(6.12)
13: (6.7) A (6.8) B L0
D−L3 (6.11)(6.12)
[ϕ([ti−1, ti],xA)], [ϕ([Tj−1, Tj],xB)]
[ϕ([ti−1, ti],xA)] ⊂ ([0.1832, 0.1897], [0.0529, 0.0561])T
[ϕ([Tj−1, Tj],xB)] ⊂ ([0.1869, 0.1967], [0.0626, 0.0668])T








[ϕ(TUS , [Xu])] ⊂ ([0.9603, 1.1401], [0.8401, 0.9708])T
supL11([ϕ(TUS , [Xu])]) < 0.0548 < 0.1












(4.15) J1, J2, J3
4





m=2 n · m+n−1Cm *6
([21]) Lyapunov
*6 x = (x, y)T 2 3 (x2, 0)T , (xy, 0)T , (y2, 0)T ,
(0, x2)T , (0, xy)T , (0, y2)T , (x3, 0)T , (x2y, 0)T , (xy2, 0)T , (y3, 0)T , (0, x3)T , (0, x2y)T , (0, xy2)T , (0, y3)T
∑3








) x = (x1, x2, · · · , xn)T n
du
dt
= f(u), 0<t<∞, (A.1)
u ∈ Rn, f : Rn → Rn.
f(u) Cr(r ≥ 4) u∗, f(u∗) = 0,
(A.1) u∗ f
Taylor
x˙ = Jx+ F2(x) + F3(x) + · · ·+ Fr−1(x) +O(||x||r), (A.2)
x ∈ Rn, J :







hm(x), 2 ≤ j ≤ r − 1, (A.3)
hi(x) (2 ≤ i ≤ j) : x i
4.3 (4.14) *7
*7 2 n 4.3
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(A.3)
y˙ = x˙+Dh2(x) · x˙+ · · ·+Dhj(x) · x˙










+O(||x||j+1), k, l ≥ 2
Dhi(x)(2 ≤ i ≤ j) hi(x) Jy











y˙ = Jy + F˜2(x) + · · ·+ F˜j(x) +O(||x||j+1), (A.4)
F˜2(x) = F2(x) +Dh2(x)Jx− Jh2(x),




(3 ≤ m ≤ j, k, l ≥ 2)
















F im(y) +O(||y||j+1) (2 ≤ i ≤ j) (A.6)
F im(y) y m F˜i(x) (A.5)
i
y˙ = Jy + F˜ r2 (y) + · · ·+ F˜ rj (y) +O(||y||j+1), (A.7)
F˜ r2 (y) = F˜2(y), F˜
r
k (y) = F˜k(y) +
k−1∑
m=2










Dhk(x)Fl(x) (2 ≤ m ≤ j, k, l ≥ 2) (A.8)
(A.3) (A.8)
*8
(A.8) Rn e1, e2, · · · , en y m
(2 ≤ m ≤ j)
(xα11 x
α2
2 · · ·xαnn )el,
n∑
k=1
αk = m (1 ≤ l ≤ n) (A.9)
Hm Hm
Hm Hm




(2 ≤ m ≤ j, k, l ≥ 2)
(A.10)
Lm(Hm) ⊆ Hm
hm(x) ∈ Hm Lm(Hm) = Hm, Lm(Hm) 6=
Hm
1. Lm(Hm) = Hm
(A.7) m
2. Lm(Hm) 6= Hm











Lm(Hm) 6= Hm W˜m m
A.2
x = (x1, x2)
T 2






































































































































































































































































































































































































































































































































































































4.3.4 x = (x1, x2)







(B.1) x0(x0 ∈ R2) ϕ(t,x0)
x0 ϕ(t,x0) t→ ±∞
✒ ✑
.
Bε := { ||x|| < ε }(ε > 0)






∧ ( ∀t ∈ (−∞,∞), ϕ(t,x0) ∈ Bε ) (B.2)
x1 = r cos θ, x2 = r sin θ{
x˙1 = r˙ cos θ − r sin θ · θ˙
x˙2 = r˙ sin θ + r cos θ · θ˙
x˙2 cos θ − x˙1 sin θ = rθ˙
x˙1 cos θ + x˙2 sin θ = r˙
x˙2 cos θ − x˙1 sin θ = r2 sin θ cos θ · cos θ − r2(cos2 θ − sin2 θ) · sin θ
= r2 sin3 θ,
x˙1 cos θ + x˙2 sin θ = r
2(cos2 θ − sin2 θ) · cos θ + r2 sin θ cos θ · cos θ
= r2 cos3 θ
{
r˙ = r2 cos3 θ
θ˙ = r sin3 θ
(B.3)
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(B.3) θ < 0 θ˙ < 0 θ > 0 θ˙ > 0
∀t ∈ (−∞,∞), ∀θ ∈ (0, π),( θ˙ > 0 ) ∧ ( 0 < θ(t) < π ) (B.4)
∀t ∈ (−∞,∞), ∀θ ∈ (−π, 0),( θ˙ < 0 ) ∧ ( −π < θ(t) < 0 )












































⇔ log r = − 1
2 tan2 θ



























(C2 = C1 + 1)




















(B.4) θ(t)→ 0 t→ −∞ θ(t)→ π t→∞






























ε (r, θ) = (r0, π/2) x0 = (0, r0)
T
(B.2)





5.2 x = (x1, x2)
T ∈ R2 2{
x˙1 = −x21 + 2x1x2 − x22 − x31 + x32,
x˙2 = −x2 + x21 + x1x2 − x22 − x31 + x32 (B.5)
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W c(0) :
W c(0) := {x ∈ R2 | x2 = x21 + 2x31 +O(|x1|4)} (B.6)
C-3-2 (C.4)
A = 0, B = −1,
g(x1, x2) = −x21 + 2x1x2 − x22 − x31 + x32,
h(x1, x2) = x
2






φ′(x1)( Ax1 + g(x1, φ(x1)) )−Bφ(x1)− h(x1, φ(x1))
= φ′(x1) · g(x1, φ(x1)) + φ(x1)− h(x1, φ(x1))
= (2ax1 + 3bx
2
1 +O(|x1|3)) · (−x21 + 2ax31 − x31 +O(|x1|4))
+ax21 + bx
3
1 +O(|x1|4)− x21 − x1(ax21 + bx31) + x31 +O(|x1|4)
= (a− 1)x21 + (b− 3a+ 1)x31 +O(|x1|4)
a = 1, b = 2
φ′(x1)( Ax1 + g(x1, φ(x1)) )−Bφ(x1)− h(x1, φ(x1)) = O(||x1||4)





= f(u), 0<t<∞, (B.7)
u ∈ Rn, f : Rn → Rn.
(3.1) u∗ f Rn Cr
B.3.1 Lyapunov




(B.7) u∗ Lyapunov DL ⊂ Rn
u0 ϕ(t,u0)
∀u ∈ DL, ∀t ∈ [T1, T2], ϕ(t,u) ∈ DL ⇒ ∀t ∈ [T1, T2]\{0}, ϕ(t,u) 6= u
(T1 ≤ 0, T2 ≥ 0)
✒ ✑
.
u0 ∈ DL T2 > 0
ϕ(T2,u0) = u0,
∀t ∈ [0, T2], ϕ(T2,u0) ∈ DL
Lyapunov
∀t ∈ [0, T2], d
dt
L(ϕ(t,u0)) < 0









= f(u), 0<t<∞, (C.1)
u ∈ Rn, f : Rn → Rn.
f(u∗) = 0 u∗ ∈ Rn f Rn Cr
u0 ∈ Rn t = 0 u(t)





(C.1) 2 u1,u2 ∈ Rn
∀T ∈ (−∞,∞), ϕ(T,u1) 6= u2 ⇒ ∀T1, T2 ∈ (−∞,∞), ϕ(T1,u1) 6= ϕ(T2,u2)
✒ ✑
.




















∃ T ∈ (−∞,∞),u1 = ϕ(T,u0) ⇒ ∀t, ϕ(t,u0) = ϕ(t− T,u1) (C.2)
∃T1, T2 ∈ (−∞,∞), ϕ(T1,u1) = ϕ(T2,u2)
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u˜ := ϕ(T1,u1) (C.2)
∀t1, ϕ(t1,u1) = ϕ(t1 − T1, u˜)
∀t2, ϕ(t2,u2) = ϕ(t2 − T2, u˜)
t1 = T1 − T2, t2 = 0
ϕ(T1 − T2,u1) = ϕ(0,u2) = u2
∃T1, T2 ∈ (−∞,∞), ϕ(T1,u1) = ϕ(T2,u2) ⇒ ϕ(T1 − T2,u1) = u2
∀T ∈ (−∞,∞), ϕ(T,u1) 6= u2 ⇒ ∀T1, T2 ∈ (−∞,∞), ϕ(T1,u1) 6= ϕ(T2,u2)
( )
C.2







ε > 0 δ > 0
||u− u∗|| < δ ⇒ ∀t > 0, ||ϕ(t,u)− u∗|| < ε
u∗ (Lyapunov )
u∗
||u− u∗|| < δ ⇒ lim
t→∞
























= Df∗v, v ∈ Rn, Df∗ ∈ Rn×n (C.3)
1. (C.3) v∗ = 0 (C.1) x∗











D x ∈ D
lim
t→∞
||ϕ(t,x)− x∗|| = 0
D
2.
u∗ D x ∈ D
lim
t→−∞









u∗ W s :














dim(W s(u∗)) = n+, dim(Wu(u∗)) = n−,
n+ : Df∗ ,
n− : Df∗ ,





















Who = W s(u∗1) ∩Wu(u∗1)
Who 6= ∅ Who u∗1
Whe :
Whe =Wu(u∗1) ∩W s(u∗2)
Whe 6= ∅ Whe u∗1 u∗2✒ ✑
72
C.3.3
(C.1) u = 0









W c(0) u = u∗ Tc
W c(0) t > 0
u0 ∈W c(0)⇒ ϕ(t,u0) ∈W c(0)
✒ ✑
(C.1){
x˙ = Ax+ g(x,y),
y˙ = By + h(x,y)
(C.4)
x ∈ Rn0 ,y ∈ Rn++n− A 0,B
g,h 2
ϕ(x) = O(||x||2) ϕ : Rn0 → Rn++n−
y = ϕ(x) W c(0)
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C-3-2([16, 17]).✓ ✏
φ(0) = 0,φ′(0) = 0
φ′(x)(Ax+ g(x,φ(x)))−Bφ(x)− h(x,φ(x)) = O(||x||p) (p > 1)
||x|| → 0
ϕ(x) = φ(x) +O(||x||p)
✒ ✑
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